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Introduction
 In reference [1] we discuss how to 1) Best analyze multiple short 
time series of functional and structural characteristics collected on 
different groups of subjects and (2) Classify subjects on the basis of 
their time progression. These methods help us assess the progression 
of measurements taken over time, such as the visual acuity of normal 
and glaucoma subjects (measured by either a visual field test or by 
Optical Coherence Tomography (OCT) measurements on the optic 
nerve) or the weight gains of children on different diets. Common dif-
ficulties with the analysis of such data are the relatively short length 
of each time series and the fact that measurements are taken at time 
periods that vary across subjects.

 In reference [1] we consider random effects (repeated measure-
ment) time-trend models of the form ttt noiseTimeY ++= βα

 
and 

discuss how such models can be estimated on time series observations 
from multiple subjects of several groups. Model results can be used 
to test whether or not the average slopes (or the variances of slopes 
across subjects) of different groups are the same.

 We also discuss how subject-specific least squares estimates of 
intercept and slope in the trend model can be used to classify sub-
jects into one of several groups. Such classification can be carried 
out with Fisher’s linear or quadratic discriminant functions [2,3], or 
with a non-parametric support vector machine algorithm [4,5]. How-
ever there are shortcomings with this approach as it assumes that the 
investigator has already decided on the intercept and slope as the rel-
evant summary statistics for a subject’s time progression. An alter-
native strategy that is discussed in this paper determines the relevant 
summary features through principal components analysis and classi-
fies the subjects on their scores that result from the most important 
principal components. Since observations on the subjects are usually 
not taken at the same time, we first need to transform the irregular-
ly-spaced data into a complete matrix of observations with rows rep-
resenting subjects and columns representing time. We use functional 
data analysis techniques to construct this data matrix. We discuss the 
methods in Section 2, and illustrate the analysis in Section 3 on OCT 
data collected on normal and glaucoma subjects.

A Nonparametric Approach for Classifying Time 
Series Data
Reducing the dimensions of a time series through princi-
pal components and classifying subjects on their implied 
principal components scores

 The goal is to classify subjects on their time progression. Imagine 
the case when we have observations on m subjects taken at the very 
same T time points. If T is large (say observations at monthly intervals 
over a period of 10 years, and hence T = 120), the classification takes  
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Abstract
 We classify subjects into one of several groups based on their 
time progression. Medical time series are available for each subject, 
but time series are short and observations are collected at different 
time periods. Instead of characterizing each subject by its average 
and slope, we use principal components analysis to determine the 
appropriate summary features and classify the subjects on their most 
important principal components scores. Since observations on sub-
jects are collected at different time periods, we first use functional 
data analysis to transform the irregularly-spaced data into a com-
plete data array with rows representing subjects and columns repre-
senting time.

 We illustrate the technique - functional data analysis to create a 
complete data matrix and principal components analysis to deter-
mine the most important features for classification - on the average 
thickness of the retinal nerve fiber layer that come from two groups 
of patients.
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place in a very high-dimensional (120-dimensional) feature space. A 
way to simplify the problem is to reduce the T observations to a smaller 
number of subject-specific summary features and classify the subjects 
on their summary features. Summary features can be pre-selected, 
such as the intercept and the slope of the trend regression considered 
in reference [1]. Another approach is to treat the measurements at the 
T time periods as features, determine the principal components, hence 
reducing the dimensionality of the classification by classifying the 
subjects on their scores that are implied by the most important prin-
cipal components. The (length-standardized) weights of the first prin-
cipal component represent the coefficients in the linear combination 
of the T measurements that has the largest variance. The weights of 
the second principal component determine the linear combination that 
has the largest variance among all linear combinations whose weights 
are orthogonal to the weights of the first principal component; and 
so on. The weights are also referred to as the principal component 
loadings on the features. The mathematics is rather simple and in-
volves the calculation of the largest eigenvalues of the T x T sample 
covariance matrix (which is estimated from the time series data on 
the m subjects). The ordered eigenvalues of the covariance matrix,

,..., 21 dd , represent the variances that are explained by the first, sec-
ond, … most-important principal components. And the corresponding 
eigenvectors are the weights (loadings) of the principal components. 
Note that the rank of the TT × sample covariance matrix can never be 
larger than ),1min( Tm − . For Tm ≤ , the sample covariance matrix is 
singular and at least 1+−mT of its eigenvalues are zero. 

 We are dealing with the time progression of multiple subjects 
when measurements on all subjects are taken at the same time points. 
Graphically, the information can be visualized as follows. We start by 
drawing the mean curve, which we obtain by averaging the responses 
across the m subjects and at each of the T time points and by connect-
ing the successive averages. A multiple of the first principal compo-
nent weights (with multiple 12 d , where 1d  is the variance explained 
by the first principal component) is added to and subtracted from 
the mean curve, resulting in two (a lower and an upper) PCA weight 
curves for the first principal component. Assume, for illustration, that 
there is a considerable subject effect to the time progression and sup-
pose that the time progression curve shifts up or down depending on 
the subject. In this case the T x T correlation matrix has large posi-
tive correlations at all off-diagonal elements (as being above average 
at a particular time point means also being above average at other 
time points). The weights of the largest principal component in this 
case are all equal, implying that the first principal component score 
for a subject is the average of its T observations. For this particu-
lar illustration the resulting graph of the (lower and upper) first PCA 
weight curves reflects a band of equal width around the mean curve, 
with bands far from the mean curve if the principal component ex-
plains much of the total variance. In other words, a graph with such 
“banded” PCA weight curves suggests that subject levels (averages) 
carry useful information for classification. [Mathematically, for a T 
x T matrix of all ones, the largest eigenvector is T while all other 
eigenvectors are 0, and the eigenvector corresponding to the largest 
eigenvector is proportional to the vector of all ones].

 As a second illustration, assume that the time progression curves 
of subjects are linear, but with different subject-specific slopes. In 
this particular case the weights of the (first) principal component are  

linear in time with mean zero. Adding and subtracting 12 d multiples 
of the principal component weights from the mean curve results in 
two crossing lines, and the closeness of the lower and upper PCA 
weight curves from the average curve reflects how much variability 
is explained by the principal component. Because of the linearity of 
the weights, a subject’s principal component score assesses the mag-
nitude of its slope (but is unaffected by the level).“Crossing” PCA 
weight curves are an indication that there is useful information in the 
slopes. The usefulness of the corresponding PCA scores for classi-
fication purposes will be small if the lower and upper PCA weight 
curves are close to the average curve. [Mathematically, consider the 
time trend ( )tY c t tβ= + − , for nt ,...,2,1= , and let the slope β vary 
across subjects with 2)( βσβ =Var . In this case the T x T covariance 
matrix of the observations has rank 1 and the eigenvector correspond-
ing to the one positive (largest) eigenvector is proportional to )( tt −
, a linear function of time with mean zero. The resulting PCA score 
measures a subject’s slope, but is not affected by the subject’s level].

 PCA weight curves provide information on the important features 
of multiple time series. For example, two major principal components 
with “banded” and “crossing” PCA weight curves indicate that the 
levels and the slopes of the time progression functions carry useful 
information for classification. The variances explained by these two 
principal components (and the closeness of the PCA weight functions 
from the average response curve) express how well a subject’s level 
and slope represent the time progression. Often only scores from the 
first or the first two principal components are needed for classifica-
tion, but there could be situations where more than two principal com-
ponents are needed. Furthermore, the scores resulting from the most 
important principal components need not be the subject’s mean and 
the slope.  

 In paper [1] we characterize the time-progression of each subject 
with a parametric (linear) model. We compare and classify subjects 
on the estimated summary statistics from that model which – for the 
linear model – are the intercept and the slope of the fitted trend re-
gression line. The approach in this note is non-parametric and more 
general as it uses the scores from the most important principal com-
ponents; the resulting scores don’t necessarily have to be the intercept 
(average) and the slope, and there can be more than two scores.

The functional data analysis approach for data collected 
at different time periods 

 But there is a problem when trying to apply this approach to data 
that do not follow an array-type structure. And this situation arises 
with the data that we analyze in the next section. There the measure-
ments on 104 glaucoma and 55 normal subjects are observed at many 
distinct time points (in fact, there are 402 distinct time points), and the 
few observations on each subject (there are between 4 and 13 obser-
vations per subject) are taken at time periods that are not common to 
all or most subjects. Consequently, most of the entries in the data ma-
trix with its 159 rows and 402 columns are missing. The initial step in 
the analysis is to estimate the responses for a smaller set of times that 
are common to all subjects, and for this we use the Functional Data 
Analysis (FDA) approach. FDA provides a nonparametric method for 
estimating a very general time response function and can be used to 
obtain estimated responses for a set of time points that are the same 
for all subjects.
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 Functional data analysis is described in references [6-8]. FDA ap-
proximates the relationship between a response and time (time in the 
case of progression but, more general, any continuous covariate) as a 
linear combination of either Fourier or spline basis functions. Fourier 
basis functions are sine and cosine functions of increasing frequen-
cy. Splines are polynomial (degree g) segments which join at points 
that are referred to as knots. Knots are placed at distinct time points 
within the observed time interval, and the polynomial segments (usu-
ally linear, quadratic, or cubic) join at the knots. The segments are 
constrained to be smooth at the joins. Any spline can be generated 
from basis or B-splines and easy recursive algorithms exist for their 
construction. One needs to select knots at the two end points and at 
internal points of the relevant time interval (with more internal knots 
leading to more spline functions, just like additional frequencies lead 
to more Fourier functions) and the degree of the polynomial segments 
(linear segments lead to a “tent” like appearance, whereas quadratic 
and cubic splines allow for more general patterns). A B-spline is a 
continuous function at the knots, and when internal knots are distinct, 
its derivatives are also continuous up to the derivative of degree g-1. 

 Even quite complicated response functions of time can be ap-
proximated by linear combinations of either Fourier or spline basis 
functions. A rich basis with many basis functions allows for a very 
general representation. Ordinary least-squares estimates are available 
if the number of basis functions is less (or equal) than the number of 
observations. However, with a rich class of basis functions and its 
many estimates, the fitted response function will be rather noisy. A 
smoother response function results when introducing a penalty for the 
roughness of the fitted function. The square of the second derivative 
of a function at a fixed argument expresses the deviation from linear-
ity as the second derivative disappears for a linear function. Hence, 
a useful measure of roughness of a function is the integrated squared 
second derivative of the function, with integration extending over the 
function’s range. Penalized regression determines the estimates by 
minimizing the sum of the error sum of squares and a multiple of the 
roughness of the function; the multiple is referred to as the smooth-
ing parameter or the penaltyλ . By increasing the penalty, the fitted 
response function reduces to the linear least squares line. Cross-vali-
dation techniques determine the appropriate penaltyλ that needs to be 
imposed, letting the data themselves dictate the smoothness of the re-
sponse function. Introduction of a penalty into the estimation has yet 
another advantage because it allows us to consider more basis func-
tions than the number of available observations; with least squares 
estimation alone, this would not be possible. The general cross-vali-
dation measure developed [9], standardizes the error sum of squares 
by the (square of the) effective degrees of freedom of the fit (which 
depend on the smoothing parameter and the hat regression matrix). 
Software is readily available to obtain the smoothing parameter that 
minimizes the cross-validation measure; we use the fda package of 
the R Statistical Software [10]. 

 A penalized regression on B-splines of degree g = 2 with knots 
at all distinct time periods across all subjects is used to estimate the 
response curve for each subject. A penalty for the roughness of the 
fitted function is introduced, and the optimal smoothing coefficient 
is obtained by minimizing the average of the general cross-validation 
scores across all subjects. This allows the data to determine the appro-
priate functional form of the time progression and does not limit the 
analyst to a specific functional form such as the linear time-trend mod-
el considered previously in reference [1]. The response for each of the  

m subjects is then evaluated at the T* = 50 equally-spaced time peri-
ods covering the interval from the smallest to the largest time point. 
The function pca.fd from the fda package is used to carry out the 
principal components analysis on the regular array-type data struc-
ture for the m subjects and T* = 50 periods, display the PCA weight 
curves discussed in the previous section, and calculate the implied 
principal components scores. The mean response and the PCA weight 
functions can also be smoothed for better interpretability. Subjects are 
then classified on their implied principal components scores, using 
either linear or quadratic discriminant functions. 

Example
 We use the data on 104 glaucoma patients and 55 normal sub-
jects analyzed in the previous paper. We analyze OCT measurements 
on the average Retinal Nerve Fiber Layer (RFNL) and the average 
thickness of the ganglion cell layer derived from the Macula Scan 
(GCL). We consider a penalized regression on B-splines of degree g 
= 2 with knots at all T= 402 distinct available time points. We select 
the penalty that optimizes the average general cross-validation score 
across all 159 time series; this penalty estimate is given by 5.0ˆ =λ  
.The response for each of the m subjects is evaluated at the T* = 50 
equally-spaced time periods covering the interval from the smallest to 
the largest time point. This creates a regular array-type data structure 
for m = 159 subjects and T* = 50 periods, and principal components 
can be determined from the resulting covariance matrix.

 We find that we need no more than two principal components to 
describe the variability in the time response function. The first princi-
pal component alone explains 98.1 (GCL) and 99.0 (RFNL) percent 
of the total variation. The wide and roughly parallel bands in the PCA 
curves for the first principal component (left panel) indicate a very 
large subject effect (Figure 1). The crossing lines for the PCA curves 
for the second principal component (right panel), with their small de-
viations from the average trend line, indicate very minor variability 
in the subjects’ slopes. This fact is confirmed by the small proportions 
of variability (1.7 percent for GCL and 1 percent for RNFL) that are 
explained by the second principal components. Scores of the first two 
principal components are calculated for all subjects, and linear and 
quadratic discriminant functions are used for classification. Scatter 
plots of first and second PCA scores are shown in Figure 2. Normal 
subjects are shown as red dots and glaucoma subjects are shown as 
blue dots. Subjects that are misclassified by Fisher’s quadratic dis-
criminant function are displayed with an open circle in a color that re-
flects the incorrect classification. A red dot with a blue circle indicates 
a normal subject incorrectly classified as coming from the glaucoma 
group. A blue dot with a red circle indicates a glaucoma patient incor-
rectly classified as coming from the normal group.

 Misclassification errors for quadratic discriminant functions 
are listed in Table 1. The misclassification rates (8.8 percent for 
GCL and 13.2 for RFNL) are very similar to the misclassification 
rates we reported in [1], when using least squares estimates of in-
tercepts and slopes. Misclassification errors for quadratic discrimi-
nant functions when using the scores of the first principal compo-
nent alone are only slightly larger; 17/159 = 0.107 for GCL and 
25/159 = 0.157 for RFNL. This was expected as the first principal 
component (which measures the average level of a subject) alone 
explains about 99 percent of the total variation. The second princi-
pal component (which measures the slope) contributes little to the  
classification. Here we report misclassification rates that are based 
on the complete data set; results from resampling test-training splits 
are similar.
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Conclusion

 This note and the accompanying example illustrate how func-
tional data analysis and the method of principal components can be 
combined for the purpose of classifying irregularly-spaced patient   
records. This approach is useful for supervised classification and un-
supervised clustering of irregularly-spaced multiple time series and 
multiple time series with missing observations. 
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Figure 1: Mean response function (bold) with added first (and second) principal com-
ponents weights, for GCL (top) and RFNL (bottom). Levels are much more important 
than slopes for classification. 

Figure 2: Scatter plots of first and second PCA scores. Normal subjects are shown as 
red dots and glaucoma subjects are shown as blue dots. Subjects that are misclassified 
by the quadratic discriminant function are displayed with an open circle in a color 
that reflects the incorrect classification. A red dot with a blue circle indicates a normal 
subject incorrectly classified as coming from the glaucoma group. A blue dot with 
a red circle indicates a glaucoma patient incorrectly classified as coming from the 
normal group.

GCL 

                                                    Classified as

True Group NORMAL  GLAUCOMA

NORMAL 51 4

GLAUCOMA 10 94

Overall misclassification rate: 14/159 = 0.088

RNFL

                                                     Classified as

True Group NORMAL  GLAUCOMA

NORMAL 49 6

GLAUCOMA 15 89

Overall misclassification rate: 21/159 = 0.132

Table 1: Cross-classification matrix and misclassification rates of quadratic discrim-
inant functions applied to the first two principal components scores, for GCL and 
RFNL.
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