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Introduction

 According to FAO/WHO, the world population will increase to 
9.7 billion by 2050 [1]. In accordance with rapidly evolving product 
markets and increasing population’s needs for new types of products, 
increasing of their shelf life,there is a need to expand the range of 
products and to modernize traditional technologies. One of the ways 
to solve the problem of population’s nutrition and health is to incor-
porate biologically valuable food products in a diet [2-5]. The main 
means of achieving these goals is to increase the efficiency and quali-
ty of scientific research, to improve the forms of linking science with 
production, to accelerate the introduction of scientific achievements 
in industry. The latter will make adjustments to accelerated develop-
ments of efficient product technologies. Using new planning methods 
of an experiment with the aim of technological process’s optimization 
would let to shorten study’s duration on the creation of new types of 
products. One of the scientific advances in recent years is the rapid 
development of experimentally statistical research methods in various 
industries, including dairy [6]. According to the author [6] finding 
models by the method of full-factor experiment consists of planning 
the own experiment, checking reproducibility, obtaining a mathe-
matical model of the object with checking the statistical significance 
of sample regression coefficients and checking the adequacy of the 
mathematical description. The purpose of model building is to predict 
responses values at states that have not been studied experimentally 
but that approximate the optimum.

 The most reliable method of product quality assessment from this 
point of view is the biological method using higher animals [7,8]. 
However, its application is difficult with regular product control, 
evaluation of raw materials, different processing methods and new 
technologies. For biological evaluation of raw materials and finished 
products, protozoan life forms, whose basic parameters of metabolic 
processes are close to those of higher organisms, can be used as indi-
cators [9-12]. Analysis of literature data and previous studies shows 
that among the currently existing test-organisms, Tetrahymena pyri-
formis ciliates correspond most closely to higher organisms in their 
physiological and biochemical parameters and toxic-biological reac-
tions to exposure to certain substances [11-18].
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Abstract
 The purpose of building a predictive model for optimization of 
technological processes probiotic fermented dairy product was 
providing the design of some set of formulations in which the RBV 
indicator (relative biological value, %) would correspond to the max-
imum value at given production parameters. For this purpose, a 
full-factor experiment (FFE) was conducted in which mass fraction 
of sucrose ( Sω , %) and fat-protein index (r), - the ratio of mass frac-
tion of fat to mass fraction of protein in the normalized mixture in the 
intervals from 0 to 10 and from 0 to 1.5%, respectively, were taken 
as independent factors. As a result, a mathematical description of 
the dependence of RBV parameter on mass fraction of sucrose and 
fat-protein index was obtained. The set of obtained data on the in-
fluence of mass fraction of sucrose on the dynamic of local RBV 
maximums and the dynamic of their corresponding values of mass 
fraction of fat showed that mass fraction of sucrose equal to 7.31 
% corresponded to maximum of RBVequal to 244.86 %. The latter 
corresponded to the optimum of fat-protein index equal to 1.241. In 
order to provide maximum of RBV the lower limit of the mass fraction 
of fat should correspond to 3.475%.

 Analysis of FFE data showed the presence of additional factors of 
RBV dependence on mass fraction of fat and protein. In order to clar-
ify the developed model taking into account the additional factors, a 
correction coefficient 

ref

RBVQ
RBV

=  was introduced into it, where refRBV  
is the reference value of RBV, equal to 244.863%.

 To determine the functional dependence of correction coefficient 
on the mass fraction of fat, the experimental data were approximat-
ed. As a result, the following mathematical description of the form 

( )Q FQ f ω=  was obtained: ( )exp exp FRBV a b ω= + ⋅    , where a and b 
are coefficients. As a result, a minimum acceptable Q factor value 
was established, corresponding to the condition RBV =100, Qmin = 
0.40839.
The aim of the study - to develop and adapt a predictive model of 
full-factor optimization of the probiotic fermented dairy product tech-
nological process.
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Materials and Methods

 The studies were conducted at the Russian Research Institute 
of the Dairy Industry. The objects of the study were the samples of 
probiotic fermented dairy product manufactured in accordance with 
mathematical model of the process providing for the expected maxi-
mum RBV values close to 244.86%; mass fraction of fat not less than 
3.48% чwith a minimum mass fraction of whole raw milk protein 
- 2.8%; mass fraction of sucrose - 7.3%. Starter on thermophilic strep-
tococci, bulgarian bacillus and bifidobacteria concentrate were used 
for fermentation.

 The relative biological value of the obtained products were as-
sessed by an express method of biotesting in accordance with the 
method developed by the authors and published in Foods 2022, Vol. 
11, №1, P. 114 [19]. A probiotic fermented dairy product manufac-
tured in accordance with current regulatory documents without taking 
into account the fat-protein index was used as a control sample.

 Mathematical data processing was carried out using Microsoft 
Excel 2010 (Microsoft Corporation, Ink.) with the “Solution Search” 
add-in installed, as well as specialized software packages TableCurve 
2D v.5.01 (SYSTAT Software, Ink.) and Wolfram Mathematica 10.2 
(Wolfram Research, Ink.), textbook [20].

Results and Discussion

 The creation’s aim of predictive model of technological process’s 
optimization of probiotic fermented dairy product was providing the 
design of probiotic fermented dairy product technological process in 
which RBV would correspond to the maximum value with satisfac-
tory fixed process parameters. For this purpose, a full-factor experi-
ment was conducted in which mass fraction of sucrose ( Sω , %) and 
fat-protein index (r) (the ratio of mass fraction of fat to mass fraction 
of protein) in normalized mixture were taken as independent in the in-
tervals from 0 to 10 and from 0 to 1.5%, respectively. RBV was taken 
as the resultant factor. Based on the results of the research there was 
obtained the refined mathematical description of the dependence of 
the RBV on the mass fraction of sucrose and fat-protein index which 
adequately describes empirical relationship between the resulting and 
independent factors:

where 1,2,3,4,5,6i ik
=  – coefficients.

 All coefficients had a similar mathematical description which ad-
equately reflects the sought dependence (statistical characteristics are 
presented in Table 1):

where ai, bi, ciиdi – subcoefficients.

 In accordance with the polynomial nature of the obtained mathe-
matical description, the response surface inevitably contains extremes 
corresponding to the local minimums or maximums of RBV values 
within some interval of independent factors. Finding the maximum 
of response surface within the rational area of independent factors 
definition in this case was non-trivial problem, because it was poly-
nom of the fifth degree 

S

RBV
rω

∂
∂ ∂ , the analytical finding of the roots of 

which was very problematic. In this regard extremes were determined  

by numerical methods scanning the response surface in steps of 0.01 
for one of the independent factors and determining in each case func-
tion’s maximum of one variable for the second independent factor.

 Due to the fact that every discrete value of fat-protein index, theo-
retically, can be corresponded to an infinite combination of mass frac-
tions of fat and of protein in the normalized mixture, the mass frac-
tion of sucrose was taken as a fixed index, as unambiguously fixed, 
during determination of maximums. The location of the calculated 
maximums on the response surface of the mathematical description is 
presented in Figure 1.

 The analysis of the obtained results shows that in the position of 
local maximums at a fixed mass fraction of sucrose there is a dynam-
ics in the value of RBV and fat-protein index. Since the determining 
factor of both dynamics is mass fraction of sucrose, they were com-
paratively evaluated (Figure 2).

Figure 1: Response surface of the effect of fat-protein index and mass fraction of 
sucrose on the RBV with maximums (blue lines) at fixed mass fraction of sucrose.

Figure 2: Effect of mass fraction of sucrose on the dynamics of local RBV maximums 
and the dynamics of their corresponding values of mass fraction of fat.
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 Within the considered area of values of mass fraction of sucrose, 
each of the dynamics illustrates the presence of a gap at a variable 
value of 2.96%.Comparative analysis of the left side of the dynamics 
from the breakpoint shows an RBV increase with almost unchanged 
fat-protein index, which presumably indicates the dominant influence 
of the factor of sucrose presence in fermented dairy product on the 
RBV value. This conclusion also confirms the continued RBV increase 
with further increase in sucrose presence up to some maximum value. 
While some fixed ratio of fat and protein is a kind of background for 
the manifestation of the positive properties of sucrose. In the case of 
further increase in the mass fraction of sucrose, there was an almost 
symmetrical decrease in RBV, requiring a decrease in the fat-protein 
index for its provision. This probably indicates that the added mass 
fraction of sucrose, which makes its total amount exceed some critical 
value and becomes for the most part a stressor.Some degree of excess 
of mass fraction of fat over mass fraction of protein also becomes a 
stressor.

 Due to the small discretization step of mass fraction of sucrose 
in determining the set of local RBV maximums, dynamics shown 
in Figure 2 are sets of discrete values. Thus, it is sufficient to range 
set elements without the need to approximate their values in order 
to find local maximum of RBV dynamics within considered area of 
mass faction of sucrose determination with technologically accept-
able accuracy. Analysis of the set values showed that the maximum 
RBV (244.866%) corresponds to the maximum mass fraction of su-
crose 7.31%, which in turn corresponds to the optimum of the fat-pro-
tein index, equal to 1.241. For convenience of practical application, 
it makes sense to round the mass fraction of sucrose to 7.3%. As a 
consequence of this rounding the RBV value decreased slightly - to 
244,863 and the change in the fat-protein index value did not exceed 
2.4-10-4.

 The found optimal solutions, theoretically, allows to be optimal 
from the point of view of relative biological value.These solutions let 
to calculate any fermented dairy product formulations, in which at the  

optimal mass fraction of sucrose and any values of mass fraction of 
fat or protein the conformity of the fat-protein index to its optimal val-
ue is provided. However, use of this approach into the practice impos-
es on the potential set of formulations a certain limitation associated 
with the chemical composition of raw materials used in the creation 
of normalized mixture. Thus, while the mass fraction of fat can vary 
widely due to separation or concentrating, the lower limit of possible 
values of the mass fraction of protein in raw milk can’t be less than 
2.8%. Butin order to observe the optimum of the fat-protein index 
(1,241) the lower limit of the mass fraction of fat should correspond 
to 3.475%. Thus, the final version of the practically realizable set of 
formulations in terms of mass fractions of fat and protein corresponds 
to the straight line in the unpainted area of Figure 3.

i

Statistics of mathematical descriptions of coefficients
Statistics of coefficients

ki: t-importanceSubcoefficients
R2 F-adequacy**

parameters ai bi ci di

1
value 4.605170 0.069438 -0.04814 0.008224

0.9999 <0,00001 < 0,00001
t-importance * <0,00001 <0,00001 <0,00001 <0,00001

2
value 0 -3.855900 2.671659 -0.456400

0.9999 <0,00001 < 0,00001
t-importance * – <0,00001 <0,00001 <0,00001

3
value 0 19.88832 -13.70803 2.340083

0.9999 <0,00001 < 0,00001
t-importance * – <0,00001 <0,00001 <0,00001

4
value 0 -34.91040 23.89756 -4.05886

0.9999 <0,00001 < 0,00001
t-importance * – <0,00001 <0,00001 <0,00001

5
value 0 25.37633 -17.18997 2.893844

0.9999 <0,00001 < 0,00001
t-importance * – <0,00001 <0,00001 <0,00001

6
value 0 -6.584389 4.409618 -0.735032

0.9999 <0,00001 < 0,00001
t-importance * – <0,00001 <0,00001 <0,00001

Statistics of mathematical description ( ),RBV SRBV f rω=

R2 0.9999

F- adequacy < 0,00001

Table 1: Statistical characteristics of the mathematical description of fermented dairy product RBV dependence on fat-protein index and mass fraction of sucrose.

* significance according to Student’s test; ** adequacy according to Fisher’s test

Figure 3: Area of practically realizable combinations of mass fractions of fat and pro-
tein to satisfy the condition of maximum RBV.
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 High permissible degree of variability of probiotic fermented dairy 
product formulations by mass fraction of fat (or protein) in the wide 
ranges of values with equality of the established basic conditions for 
ensuring the maximum RBV allows to put forward a hypothesis about 
the possibility of the additional restriction’s existence narrowing the 
permissible range of values of mass fractions of fat (or protein). In or-
der to confirm or reject this hypothesis, the approbation of the devel-
oped model was conducted on samples with different concentrations 
of mass fractions of fat and protein under the conditions of optimum 
- RBV maximization. The obtained results are presented in Table 2.

 Since the fat-protein index was kept constant in all samples, there-
fore, the values of mass fractions of fat and protein in the composition 
of the normalized mixture are strictly related. Thus, it is reasonable 
to use one (any) of these indicators for further analysis. We randomly 
selected the mass fraction of fat ( Fω ).

 Analysis of the data in Table 2 allowed us to make a preliminary 
conclusion that there is some inverse correlation between the mass 
fraction of fat and the RBV value. Consequently, the hypothesis about 
the presence of additional corrective factors was confirmed.In order 
to developcorrective model a correction coefficient was introduced 
into it 

ref

RBVQ
RBV

= , where refRBV  – reference value RBV, equal to 
244,863%. To determine the functional dependence of this parameter 
on the mass fraction of fat, the experimental data were approximated, 
as a result of which the following mathematical description of the 
form was obtained ( )Q FQ f ω= :

where a and b – coefficient.

 Analysis of the data in Table 2 showed that the experimental error 
of RBV determination ( RBV∆ ) is also inversely correlated with the 
values of mass fraction of fat. Accordingly, this value was converted 
into the error of the correction coefficient

ref

RBVQ
RBV
∆

∆ = . The approxima-
tion of the obtained values showed that the functional dependence of 
the form ( )Q FQ f ω∆∆ =  is identical to the formula (3), differing only in  

the coefficients. Statistical parameters of both dependencies are given 
in Table 3.

 In this case, the functional dependence of the correction fac-
tor Q on the mass fraction of fat represents some range of varia-
tion, for which each value of the mass fraction of fat at an accepted 
confidence level of 0.95 will correspond to some interval of values

[ ];Q Q Q Q Q∈ −∆ + ∆ . This principle worked in the opposite direc-
tion as well. In this case it is possible to define interval bounds Fω , 
corresponding to initial ( repQ ) - fixed values of Q. To establish these 
bounds, we determined the reference value of the coefficient Q cor-
responding to the condition refRBV RBV= , i.e., - 1refQ = . We also 
established the minimum acceptable value of the coefficient Q cor-
responding to the condition 100RBV = , i.e., - min 0.40839Q = . Then 
each interval 

F
Intω  represents some set of values of mass fractions 

of fat with lower and upper boundary values - down
Fω  and up

Fω , re-
spectively. Thus, the boundary values down

Fω  and up
Fω  are related 

to each other by the condition ( ) ( ) ( ) ( )down down up up
Q F Q F Q F Q F repf f f f Qω ω ω ω− = + = .  

The first interval was defined ( ( )0F
Intω ) as corresponding to the 

condition rep refQ Q= . Then, taking into account the fact that 
( ) ( ) ( ) ( ) ( )1 0 1 ,

... ...
F F F F Fn m n m

Int Int Int Int Intω ω ω ω ω− − ∈
∩ ∩ ∩ ∩ ∩ ∩

¥
, the other in-

tervals will be located on the numerical axis of values of mass fraction 
of fat to the right and left of the first one. A graphical representation of 
the variation range of the Q coefficient and the calculated intervals of 
mass fraction of fat values is presented in Figure 4.

 Analysis of the obtained data showed that at fixed values of mass 
fraction of sucrose and fat-protein index, a decrease in mass fraction 
of fat (and protein simultaneously) promotes a nonlinear increase 
in RBV, reaching the reference Q value at 3, 405%Fω = . Further 
downward extrapolation shows the potential possibility in achieving 
an RBV in the fully skimmed product more than 1.32 times higher  

Figure 4: Variation range of the correction factor Q and variation intervals Fω .

Input parameters of the normalized mixture

RBV, %mass fraction of 
fat, %

mass fraction of 
protein, %

mass fraction of 
sucrose, %

fat-protein 
index

3,48 2,80 7,3 1,24 240±16,8

3,48 2,80 7,3 1,24 242±18,1

3,48 2,80 7,3 1,24 237±16,6

3,48 2,80 7,3 1,24 234±16,4

3,97 3,20 7,3 1,24 210±14,7

3,97 3,20 7,3 1,24 202±14,1

3,97 3,20 7,3 1,24 190±13,3

3,97 3,20 7,3 1,24 197±13,8

4,09 3,30 7,3 1,24 184±12,9

4,21 3,39 7,3 1,24 172±12,9

4,21 3,39 7,3 1,24 165±11,5

4,21 3,39 7,3 1,24 158±11,0

4,21 3,39 7,3 1,24 180±12,6

Table 2: Original data on model approbation.

Table 3: Statistical characteristics of the mathematical description of dependencies Q  
and Q∆  on the mass fraction of fat.

Parameters
Statistical characteristics

coefficient values t-importance R2 F- adequacy

Q
a 0.287623 <0.00002

0.944064 <0.00001
b -0.009550 <0.00001

Q∆
a -2.347034 < 0.00001

0.907574 <0.00001
b -0.009811 < 0.00001
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than the maximum value obtained in the simulations under varying 
fat-protein index and mass fraction of sucrose. However, this poten-
tial is unlikely to have the possibility of practical realization due to the 
limitation presented in Figure 3.

 Narrowing the variation range of the Q coefficient with increas-
ing mass fraction of fat led to a gradual decrease in the width of the 
intervals and an increase in their number. If the mass fraction of fat 
exceeds the value of 4.84%, the value of the correction coefficient be-
comes smaller minQ . Thus, this value is the upper limit of applicabil-
ity of the RBV maximization principle for optimizing the formulation 
of the normalized mixture for fermented dairy product production.

 In order to maximize the use of the available range of mass frac-
tions of fat and leveling the effect of the minimum mass fraction of 
protein in the normalized mixture at values less than 3.476% (which 
corresponds to a mass fraction of protein 2.8%), we conventionally 
divided the area of determination of this value into two global inter-
vals - A and B. At interval A we softened the requirements for opti-
mizing the composition of the normalized mixture, i.e. we left only 
the mass fraction of sucrose as constant. In this case, with a constant 
minimum mass fraction of protein and decreasing mass fraction of 
fat, the fat-protein index will continuously decrease. We determined 
the RBV change curve at interval A based on formulas (1) and (2). In 
turn, on the global interval B we determined the RBV change curve 
taking into account the correction coefficient: refRBV RBV Q= ⋅ .  
Let’s convert the reference values repQ  to RBV reference values: 

rep ref repRBV RBV Q= ⋅ . The full RBV curve as a function of mass 
fraction offat with division into intervals and the final version of the 
rational set of “fat-protein” combinations are presented in Figure 
5.Assuming a hypothetically non-zero probability of the possibility of 
extrapolating the interval differentiation RBV and on the global inter-
val A, we obtained a complete picture of the distribution of intervals 
satisfying the RBV reference values.

 In their specificity, the mass fraction of fat intervals appeared to 
be nested within each other as the RBV reference value increased.By 
subtracting the values of the nested intervals from the outer intervals, 
rational intervals of mass fraction of fat corresponding to the RBV 
reference values were obtained, differentially for each of the global 
intervals A and B. The results are presented in the Table 4.

 The obtained values can serve as a criterion for the formation of a 
set of formulations for the production of sugar-containing fermented 
dairy products with a high potential of relative biological value. It 
should be kept in mind that the domain of this approach is limited in 
terms of mass fraction of fat ranging from 0.06 to 4.84% and mass 
fraction of protein ranging from 2.8 to 3.9%.

Conclusion
 Approbation of the optimization model of the technological pro-
cess of probiotic fermented dairy product production and the obtained 
mathematical dependencies can serve as a criterion for the forma-
tion of a set of formulations for the production of sugar-containing 
fermented dairy products with a high potential of relative biological 
value. It should be taken into account that the definition area of this 
approach is limited in terms of mass fraction of fat in the range from 
0.06 to 4.84% and mass fraction of protein - from 2.8 to 3.9%.With 
this approach (development of models) it is possible to analyze modes 
promising for the studied process, which in real conditions at the ex-
perimental stage is not always possible to obtain. The development of 
this model allowed us significantly reduce the duration of research on 
the optimization of the technological process.
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