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Abstract

Infectious diseases are the focus of much attention nowadays.
Spatio-temporal study of the spread of their pathogenes is proving
very helpful in developing strategies to control them, especially in
cases where little biological information and treatment is available.
The present work is based on the numerical study of Severe Acute
Respiratory Syndrome (SARS) using an open population model
consisting of six compartments. Different population distributions
are used to generate the numerical simulations for the disease in
different situations. Stability of the system is analysed. To see the
effect on disease transmission different possible cases are studied
in the absence and presence of diffusion in the system. Impact of
treatment on the transmission of disease is analysed.

Keywords: Epidemic modeling; Infectious disease; Partial differen-
tial equations; Reproduction number; Routh-Hurwitz criterion; Se-
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Introduction

Recent years have seen an increasing trend of utilizing mathemat-
ical models for the prediction of and insight in infectious diseases.
These models are considered as conceptual tools to explain the be-
havior of disease at different scales, and allow us to understand the
spread of infection in the real world and the impact of various factors
on disease dynamics. The key concepts associated with mathematical
modeling, such as basic and effective reproduction number, genera-
tion time, epidemic growth rates, mortality rates, transmission rates,
incubation periods, heterogeneities, disease transmission routes, risk
factors for diseases spread and pre-clinical infectiousness play signifi-
cant roles in the epidemiological analysis and control of diseases. The
process of modeling in epidemiology has, at its heart, the same under-
lying philosophy and goals as ecological modeling. Both endeavors
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share the ultimate aim of attempting to understand the prevalence and
distribution of a species, together with the factors that determine inci-
dence, spread and persistence [1,2].

The spatio-temporal spread of infectious diseases is the most sig-
nificant area of epidemic modeling. Accurate and precise mathemat-
ical models enable scientists to understand the risk factors of disease
transmission and to develop workable control strategies for possible
future outbreaks. There are obvious public health and/or economic
benefits in understanding the infectious dynamics of diseases in hu-
mans, animals and plants. Furthermore, it is well understood how im-
portant the spatial aspect of these dynamics is to understand disease
spread [3]. In the case of emerging and re-emerging outbreaks of an
infectious disease, it is crucial to quantify the characteristics of a dis-
ease in order to estimate the potential threat. Accurate estimation of
these characteristics relies on modified epidemiological information.

Severe Acute Respiratory Syndrome (SARS) is one of the first pan-
demics of the 21st century. The World Health Organization (WHO)
issued a global alert for SARS on 12 March 2003, at which point there
were 150 suspected cases in 7 countries. The epidemic emerged in
Guangdong Province in mainland China in November 16, 2002 and,
on February 26 of the following year, new reports of SARS outbreaks
came from Hong Kong and Vietnam. This contagious disease spread
across the world through air travel and, as of June 13, 2003, the cu-
mulative number of probable cases of SARS worldwide, reached 8,454
with 792 deaths [4]. Hong Kong bore a large proportion of this mortal-
ity and morbidity burden. In Hong Kong alone, 1755 probable SARS
cases and 302 SARS related deaths were recorded from 15 February to
31 May 2003. SARS was caused by a coronavirus called SARS-Cov.
As SARS was not previously endemic in humans, it seemed likely that
SARS-Cov was a virus of animals that had crossed the species barrier
to humans in the recent past [5]. Having originated in animals the
virus then became efficient at human-to-human transmission which
helped to develop the disease around the globe. SARS was brought un-
der control at the end of 2003 but in 2004 a few cases emerged, either
by accidental release of the virus from laboratories or from infected
animals. It is difficult to make predictions regarding the resurgence
of SARS, but current information suggests that the greatest risk of the
reemergence of the disease may derive from animal reservoirs [5]. Re-
cently, in 2012, a group of international scientists has found a SARS-
like virus retrieved from a Chinese horseshoe bat, giving weight to the
theory that these bats are the ultimate source of the virus that killed
more than 900 people around the globe in 2003 [6].

Although much effort has been devoted to find the cure for SARS,
there are still no effective drugs or vaccines for the disease. In this
situation mathematical modeling permits the quantitative assessment
of the epidemic potential of SARS and the effectiveness of measures,
used to control disease transmission. Donnelly et al. [7] assessed
the epidemiology of SARS in Hong Kong. They estimated the key
epidemiological parametric distributions using integrated data
bases constructed from several sources. These data bases contain
information about epidemiological, demographic and clinical
variables and provided the baseline for the parameters of SARS
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models by Chowell et al., [8,9], Gummel et al,, [10], Riley et al., [11],
Yan et al., [12] and Lipstich et al. [13]. Chowell et al., [8] fitted a com-
partmental model for the SARS epidemic to the data from Toronto,
Hong Kong and Singapore. Chowell predicted the behavior of the dis-
ease and the role of diagnosis and isolation as a control mechanism in
these regions, showing the differences among the epidemic dynam-
ics occurred in these three cities. Riley et al., [11] and Lipstich et al.,
[13] used dynamic models for the respective transmission dynamics
of SARS in Hong Kong and Singapore. Even though these models
were complex, they allowed researchers to calculate numerous epi-
demiologically important parameters in order to assess the potential
danger of the epidemic. Wallinga and Teunis [14] developed a like-
lihood-based estimation procedure that infers the temporal pattern
of effective reproduction numbers from an observed epidemic curve.
Zhou Y et al., [4] formulated a discrete mathematical model to inves-
tigate the transmission of SARS and estimated the parameters of the
model on the basis of statistical data. Numerical simulations describ-
ing the transmission process for SARS in China have been carried out.
Wang W and Ruan S proposed a mathematical model to simulate the
SARS outbreak in Beijing by estimating the reproduction number and
other important epidemiological parameters using the available data
[15]. Xia et al., analysed the pattern of SARS and predicted the course
of the SARS epidemic by establishing a compartmental model using
data from Guangdong and Hong Kong [16]. Yang et al., also used a
compartmental model to describe the SARS epidemic in spatio-tem-
poral dimensions to determine whether people travelling in buses and
trains infect one another or not [17]. They concluded that SARS can
spread through people travelling in buses and trains.

Any treatment of infectious disease, SARS can give rise to many
important questions such as, how treatment will effect disease trans-
mission dynamics? Will it help to control the disease? Will the inten-
sity of the disease be same or not. In order to answer such questions,
we have developed an SEIJTR model for SARS in this paper. Here we
investigate the transmission of SARS in the presence of treatment. A
treatment class is included in the previous SEIJR model [18]. The val-
ues of the new parameters are calculated for the SARS epidemic using
the data that appeared in Hong Kong 2003 [19]. This compartmental
model includes susceptible, exposed, infected, diagnosed, treated and
recovered classes. Diffusion has been included in the system to exam-
ine its role in transmission of the disease. The compartmental model
for SARS transmission is given in section 2. The numerical scheme to
solve the model is described in section 3. The stability of numerical
model with and without diffusion is analysed in section 4. section 5
shows numerical simulations. Further discussions and conclusions are
given in section 6.

SEIJTR Epidemic Model

Equations

This model of SARS [18] consists of the following system of non-
linear ordinary differential equations.
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with initial conditions

$(0) = S, E(0) = E,, 1(0) = I, J(0) = J,, T (0) = T, and R(0) = R,
where S,EJ J,T and R represent susceptible, exposed, infected, diag-
nosed, treated and recovered classes respectively and N denotes the
total population, N=S+E+I+]J+T+R. d1> dz, d3, d4> d5 and d6 are
the diffusivity constants. The flow diagram of the SEIJTR model is giv-
en in Appendix A whereas table 1 provides description and the values
of the parameters.

To scale the population size in each compartment by the total
population sizes by substituting s = S/N, e = E/N, i = I/N, j = J/N,
t =T /N, r = R/N II=A/N giving the system of equations (7) - (12).
After simplification replacing s by S, e by E,iby L, j by J, t by T and r by
R, the following dimensionless system of equations is obtained:
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Parameter Description Value Source
A Rate at which new rgcruits enter the 0.00002 per day [19]
population
Proportion of new recruits into the
population that are susceptible
m (the complementary proportion are 085 [19]
infective)
B Transmission coefficient 0.24 [19]
Y] Rate of natural mortality 0.000035 [10]
Relative measure of reduced risk
I among diagnosed 065 (9]
K Rate of prog{§3§ion fr'om exposed to 0.195 [19]
e infective
Relative measure of infectiousness 0.1 7
a for exposed individuals :
a Rate of progrelssion from infective to 0.238 (9]
diagnosed
v1 Natural recovery rate 0.046 [19]
vy2 Recovery due to treatment 0.05 [19]
4 Treatment rate 0.2 [19]
[} SARS-induced mortality rate 0.024 [19]
Effectiveness of drugs as a reduc-
[¢] tion factor in disease-induced death 0.25 [19]
of infectious individuals(0 <6 < 1)
Table 1: Biological definition and values of parameters.
aJ o°J
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Where S+E+I+J+T+R=1

12)

Initial and boundary conditions

The domain of all the calculations is considered as [-2,2]. Bound-
ary and initial conditions are chosen as follows:
0S(=2,1) _OE(=2,8) _Al(=2,t) _ 8J(=2,0) _OT(=2,1) _8R(=2,1) _

0 13)
Ox ox Ox Ox Ox Ox
0S(2,t) OE2,t) 0I(2,t) aJ(2,t) 0T (2,t) OR(2,1)
= = = = = -0 (14)
ox Ox Ox ox Ox Ox

(S, E, 1, ], T, R)| S,=0.98 Sech (5x-1), E,=J,= T,=R,= 0,1, = 0.02
Sech (5x-1),-2<x<2) (15)
((Sp Eyp 1T T, R)| S,=0.97 Sech (-5x-1)%), E,=J,= T,=R,= 0,1, =
0.03 exp (-5(x+1)?), -2 <x<2) (16)
((Sy By, ], T, R )| S,=0.96 Sech (15x), E,=J,= T,=R,=0,-2< x <2
[,=0,-2<x<-0.6 and -0.6 <x <2, [,=0.04,-0.6<x<0.6 (17)
Figures 1 and 2 show the initial “population distributions” for S
and I. A larger susceptible and a smaller infected proportion is con-
centrated towards the right half of the main domain in initial condi-
tion (i). In initial condition (ii), I has high concentration in the left half
of the domain [-2,2] and population S has concentration on the right
half of the domain [-2,2]. In the initial condition (iii) susceptible S
exists in high concentration around the middle of domain [-2,2] with
infected also around the middle but beyond the domain of S.

LYY
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Figure 2: Initial Condition iii.

Numerical Scheme

Operator splitting method has been used to solve the SEIJTR
model. According to this technique the system of equations is divided
into nonlinear reaction equations and linear diffusion equations [20].

The nonlinear reaction equations to be used for the first half-time step
are given as:
108
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The second group consists of the linear diffusion equations, to be
used for the second half-time step as follows:
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Applying the forward Euler scheme the non-linear equations
transform to
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Where S/, E/, I/, J/, T/and R’;are the approximated values
of S,E, L], T and R at position -2+iAx, for i = 0,1..... and time jAt, j

=0,1,....... and s,’% R El"*%, ,"%, J[f*%, Tl.j% and R’Hg denote their values
at the first half-time step. Similarly, for the second half-time step, the
linear equations transform as
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The stability condition satisfied by the numerical method de-
scribed above is given as:

d At
— < 0.5,
(Ax)
In each case, Ax = 0.1, d1 = 0.025, d2 = 0.01, d3 = 0.001, d4 = 0.0,
d5 =0.0, d6 =0.0 and At = 0.03 are used.

Stability Analysis
Disease-Free Equilibrium (DFE)

(41)

n=1,2,3,4,5,6. (42)

The basic reproduction number R is considered to be the thresh-
old parameter for any DFE and is defined as “the number of secondary
cases which one case would produce in a completely susceptible pop-
ulation”. The probability of infecting a susceptible individual during
one contact, duration of the infectious period, and the number of
new susceptible individuals contacted per unit of time are the main
factors in calculation of the reproduction number. Therefore R may
vary remarkably for different infectious diseases and also for the same
disease in different populations. The variational matrix of the system
of equations (7) - (12) at the disease-free equilibrium P, = (1,0,0,0,0,
0), giving:

I —-g¢B —p+s “1p+s ©@-ns 0
0 (¢8-x-1D B p 0 0
po_ |0 k —(@+5+11) 0 0 0
0 0 a - +c+I1) 0 0
0 0 0 S —(y,+(@-D5+11) 0
0 0 0 2 I8 -1

Trace [V)] =-a=+qBf-y,-y,-0-0+8(0-1)-x-6II<0,

Det [V'] =BxII?x A, where B=6(6 - 1) - y,- II

and A = qp (a+ 6 + IT) (y, - C - TD) + Px (la + y, + T+ I0I) = (x + IT) (a
+8+10) (y, + {+10)

As0<0<1 =0-1<0=98(0-1)<0 = 80-1)-y,-1I)<0,
—=>B<O0,

and for R <1, —> A <0, Hence, Det [V°] > 0.

Where R, _Ba+5+ID (n +s+1ID +x (la+y, +¢+11)
(x+1D (@+5+ID) (7, +¢ +1D)

This shows that P is stable for R < 1. In the same way we can illus-
trate the stability of the endemic point for R > 1.

Endemic equilibrium without diffusion

The variational matrix of the system of equations (7) - (12) at P*
(8%, EX, I%, J*, T*, R¥), is given by

ay 4p 4y 4y G5 G

Gy Gy Gy Gy Gys Ay

e Gy Gy Ay A3y Gy5  dyg
Ay Ay dyz Ay Ay Gy

ds; dsy ds3 dsy Qs g

961 Y2 Qg3 gy g5 Qg

all,al2,...a66 are given in appendix B

The characteristic equation for P* (S*, EX, I*, J*, T*, R*) can be
written as

A erl/l5 +pz/14 +p313 +p4/12 +psA+p,=0 (43)

where p,, p,, > P,» P5>» P, and the Routh-Hurwitz conditions are calcu-

lated on the basis of [21] and are given as:
Ciip>0
C,:py>0
C BB

n
[N Y el MtV Y

PiPsPs
L PEPy = PaPDs + P PIPE = PP+ PIPIPs = PP = 2P F PP
P+ PiP— P+ (DD + )
PiPAP = PaPuPL+ DL PiPs* PP+ PLPLPs = PiPale = 2P:DsPe) + PUP P + PPy (PiPs = PP + PiBPips =2pup))
PiDs= DaDsPs D3+ DL (DL = PaP)+ PUPIDs = PaDsDs = 2PaPs + PsPs)

G

(o

Here, P, P, P, P, and P, are the points of equilibrium given as:
P, = (0.449403, 0.000058, 0.000043, 0.000042, 0.000122, 0.386452)
P, = (0.546041, 0.000048, 0.000035, 0.000034, 0.000100, 0.318624)
P,=(0.402087, 0.000064, 0.000061, 0.000044, .000131, 0.419654)
P, = (0.373092, 0.000066, 0.000049, 0.000047, 0.000139, 0.440013)
P = (0.483878, 0.000054, 0.000033, 0.000039, 0.00012, 0.362260)

The numerical values of C,C,C,C,C, and C,on these points of
equilibrium are given in table 5 in appendix A.

Endemic equilibrium with diffusion

To calculate the small perturbations S (x, t), E,(x, t), I, (x, ), ] (x, 1),
T, (x, t) and R (x, t) the equations 7 - 12 are linearised about the point
of equilibrium P*(S*, EX, I*, J*, T*, R*) as described in [22,23], giving

oS, 08,
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O 0°E,
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—t= a4IS1 + a42E1 + a4311 + a44J1 + %Tl + a46R1 + d4 721 (47)
ot Ox
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—L=a,S, +ayE +agl +a,J + a1 +ag R +ds—- (48)
ot ox

OR O°R

—t=ayS, +auE +agl, +agJ, +ag T +ag R, +dg 721 (49)
ot Ox

where a,,a,,,a,...etcare the elements of the variational matrix V" cal-

culated using the method described in [24]. We assume the existence
of a Fourier series solution of equations (44) - (49), of form:

S,(x,t) = Zk: S,e" cos(kx) (50)
E (x,t) = Zk: E,e" cos(kx) (51)
I,(x,0)= Zk: I.e" cos(kx) (52)
J(x,t) = Ek; J e cos(kx) (53)
Tl(x,t)=§fke*’ cos(kx) (54)

(55)

R (x,0)=) R.e" cos(kx)
k
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wherek = % ,(n=1,2,3,...... ) is the wave number for node n. Substi-

tuting the values of SLELILTLT, and R, into the equations (44) -(49),
the equations are transformed into

z(an - dlkz -8, + zalek + zaIBIk + zaMJk + Z%Tk =0 (56)
k k k k k
D ayS,+ D (ay —dyk* = D)E, +Y anl, + Y ayJ, ) a,T, =0 (57)
k k k k k
DanE + Y (ay —dik* = DI+ ayJ, + Y a;T, =0 (58)
k k k k
Dapl +Y (a,-d i =), +) a,T, =0 (59)
k k k
Za53[k+za54‘lk +Z(a557d5k27/l)Tk =0 (60)
k k k
Za6311< +Z“64Jk +Z“65TA +z(a66_d6k2_i)Rk =0 (61)
k k k k
The variational matrix V for the equations (56) - (61)
ay, _dlk2 ap, aj; ayy a5 0
ay, Ay~ dzk2 ay; Ay Qys 0
V= 0 as 33 7d3k2 3y 35 0
0 ay, a, —di* [ 0
0 sy sy Ass — d5k2 0
L 0 Ae3 Ay Ags ag —dgk ? ]

The characteristic equation for the variational matrix V is given as
(62)
where q,, q,, q,, q, and g, and q, are calculated by the technique used
in [24]. The Routh-Hurwitz Conditions are given in appendix B. The
numerical values of Routh-Hurwitz criteria on points of equilibrium
in the presence of diffusion are given in table 6 in appendix A.

A +q 2’ + A" + g2+ q A+ gy +qsA+q,+q, =0

Excited mode and bifurcation value

The technique used in [18] is used to calculate the first excited
mode of the oscillation n. According to the description of mode of
excitation the curve.

f(B)=A+B+ (CD+E)

where A = q,’q,q;- 9,9,9," + 4,*- 4,’q, + 4,°9,> B = q,%(9,°q5- 9,9,9,
- 2q2q5p6)’ C= q, (q22q52 + q2q3)’ D=- 995 t 9:9¢ E= q,9; ('2q4q5 +
3q,q,)- n = 1 represents the first mode of excitation as being closest
to the B-axis. It is observed that the bifurcation value of transmission
coeflicient, B and rate of progression from infective to diagnosed, a
increases with diffusion as compared to the system without diffusion.

(63)

Numerical Solutions

Five cases with different values of P, the transmission coefficient
and a, rate of progression from infective to diagnosed, are summa-
rized in table 7 given in appendix A. For all the cases given in table 7,
numerical solutions are calculated for the SEIJTR model both in the
absence and presence of diffusion in the system.

Solutions of SEIJTR model in the absence of diffusion
(Case 1)

Figure 3, shows the numerical solution for initial condition
(i) in the absence of diffusion. It can be observed that the susceptible
population decreases abruptly in the first five days of disease, with the
concentration of the population fluctuating near the edges of domain
[-1,1]. At t = 10, 15, 20 days, the susceptible keep on decreasing with
the passage of time. In the first five days of onset of the disease,
maximum population is exposed to SARS within the domain [-0.6,1].
After t = 5 days, exposed population proportion shows a rapid
decrease till t = 10 days. With the passage of time, the exposed

population proportion keeps on decreasing slowly, with concentration
confined to the domain [-1,1] at t = 20 days. In the first five days of
onset of SARS, most of the exposed get infected. There is a very large
increase in the proportion of infective in the first 5 days, concentrated
in the domain [-0.6,1]. After t = 5 days, infective proportion decreases
quickly till t = 15 days. From t = 15 days to t = 20 days, the infected
population proportion decreases slowly but remains higher than the
initial infected population proportion. Infective, are largely confined
to the main concentration region [-1,1] throughout the period of pre-
vailing disease. As soon as the infection spreads and some of the pop-
ulation becomes infective, the proportion of diagnosed cases increases
quite quickly from t = 0 to t = 5 days. This trend continues but at a
slower pace, for the next five days within the domain of concentration
[-1,1]. The diagnosed population proportion decreases quickly after
t = 10 days of the disease, but there is still a substantial proportion
of diagnosed at t = 20. Once the infected are diagnosed, they start
entering the treated compartment. A small increase in the population
being treated can be observed in the first five days of disease. From t
=5 days to t = 10 days, there is a sharp increase in the proportion of
population in the treated class. This proportion keeps on increasing
but at a low pace and reaches its maximum at t = 15 days. After that,
the treated population proportion decreases slowly with most of this
population remaining confined to the domain [-1,1]. At t = 20 days,
a large proportion of the population is still in the treatment compart-
ment. Recovery is slow in the first five days of spread of SARS but
increases rapidly in the next five days. A sharp increase in the propor-
tion of recovered individuals is noticeable between t = 10, 15 and 20
days. The highest recovery is observed at t = 20 days.

Figure 3: Solutions for initial condition (i) without diffusion.

Figure 4, shows the output for initial condition (i) in the absence
of diffusion. The susceptible population, which is mainly concentrated
in the domain [0,2], shows sharp decline in the first five days of
the spread of SARS. After five days, concentration of susceptible is
confined to the edges of the domain [0,2]. A small decrease is
observed from t = 5 days onward (not visible in Figure 4). The exposed
population grows in proportion remarkably fast in the first five days,
showing that the rate of infection is very high during this period.
Almost half of the susceptible population gets exposed to the disease
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in the first five days. Then the proportion of the population that is
exposed rapidly decreases in the next five days. After t = 10 days, a
slower decrease in exposed population proportion occurs. Most of the
population becomes infective in the first five days and the domain of
concentration of infective moves from [-2,0] to [0,2]. After t = 5 days,
the infective proportion starts decreasing slowly till t = 10 days in the
domain [0,2]. A sharp decline in infective proportion is observed in
the whole domain [-2,2] between t = 10 days and t = 15 days, which
continues at slow pace thereafter. The diagnosed proportion increases
over the first five days. Between t = 5 and t = 10 days, an increase in di-
agnosed population proportion is noticed in the domain [0, 2]. In the
same period, a much smaller proportion of diagnosed is also observed
in the domain [-2,0]. A small proportion of the population is in the
treatment class after five days and this proportion increases quickly in
the next five days. The proportion of the population in treatment class
reaches its maximum in t = 15 days and after that it decreases. There is
negligible recovery in the first five days followed by a quicker recovery
in the next five days in domain [-1.5,2], particularly the right half of
the domain [-2,2]. The recovery proportion is greatest at t = 20 days.

! If \ . arf ,-” -~ I“.
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Figure 4: Solutions for initial condition (ji) without diffusion.

Figure 5 shows the results with initial condition (iii) in the absence
of diffusion. In the first five days of the spread of SARS, the suscep-
tible proportion reduces quickly to very low concentration around
the edges at x = -0.1 and x = 0.1. In the first five days, most of the
susceptible population gets exposed to the disease. After that, there
is a quick decrease in the exposed population proportion until t = 10
days. This decreasing trend continues until t = 20 days in the domain
[-0.1,0.1]. The infected population proportion increases quickly at a
slower pace in the domain [-0.1,0.1] from its initial concentration in
domain [-0.5,0.5] and reaches its peak value at t = 5 days. After that,
infection decreases until t = 20 days. The diagnosed population pro-
portion increases considerably in the first five days and is concentrat-
ed in the domain [-0.5,0.5]. The maximum diagnosed proportion oc-
curs ten days after the onset of SARS. After t = 10 days, the diagnosed
proportion of the population decreases. In the beginning, diagnosed
individuals move slowly to the treatment class but a considerable in-
crease in the proportion of the treated population is observed between
t =5and t = 10 days. Recovery is extremely slow in first five days but

during the next five days a substantial increase in the recovered popu-
lation is observed, which continues till t = 20 days.

Figure 5: Solutions for initial condition (jii) without diffusion.

Solutions of SEIJTR model in the presence of diffusion
(Case 1)

Figure 6, shows the output for initial condition (i) in the presence
of diffusion. The impact of the diffusion on the solution is well ob-
served, as the proportion of the susceptible reduces rapidly in the first
five days, with a negligible proportion of susceptible at t = 5 days in
the domain [-2,-0.5] and [0.5,2]. Most of these susceptible in domain
[-1.5,1.5] are exposed to SARS during the first five days. A sharp de-
crease in the exposed proportion of population between t = 5 days and
t = 10 days is observed, with the spread of the exposed population in
the domain [-2,2]. The infected proportion of the population is max-
imised within t = 5 days of spread of SARS in the domain [-1.5, 1.5].
In the next five days, infection not only decreases but also spreads
rapidly in the domain [-2, 2]. The diagnosed population proportion
peaks in the first ten days of the disease and is spread across whole do-
main [-2,2]. The treatment class attains its peak value fifteen days after
the spread of SARS. This is similar to the case without diffusion but
with, different peak values. Due to the presence of diffusion, recovery
spreads in the domain [-2,2]. The recovered population proportion
increases rapidly after t = 5 days and spreads to the domain [-1.5,1.5].
Maximum population is recovered in t = 20 days.

Figure 7, shows the solution for initial condition (ii) and with dif-
fusion. Susceptible move from the domain [0,2] to the domain [-1.5,0]
at t = 5 days and then to the domain [-2,-0.5] at t = 10 days (not clear-
ly visible in Figure 7). The exposed population spread in the domain
[-0.5,2]; attaining its maximum proportion at t = 5 days and then de-
clining sharply in the next five days, spreading in the domain [-1,2].
After that there is slow decrease during the next ten days. Concentra-
tion of infected population remains mostly confined to the domain
[-0.5,2] with a peak value at t = 5 days. After that, the infection pro-
portion reduces gradually. At t = 20 days a very small proportion of
the population is infected. The diagnosed population proportion also
spreads in the domain [-0.5,2] with its maximum occurring at t = 10
days. A sharp increase in the treated population is observed from t = 5
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Figure 6: Solutions for initial condition (/) with diffusion.

days to t = 10 days in the domain [-2,2], mostly in the domain [-0.5,2].
The treated proportion of the population attains its peak value fifteen
days after the spread of the disease and then reduces slowly. After fif-
teen days recovery seems to propagate in the larger domain [-2,2] but
mostly in the domain [-0.5,2]. As compared to without diffusion case
for recovered population, peak values are smaller but domain of con-
centration spreads.
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Figure 7: Solutions for initial condition (ii) with diffusion.

Figure 8, shows the solution for initial condition (iii) with diffu-
sion. There is a quick decline in the susceptible population proportion
during the initial five days of onset of disease. Maximum population
exposure to SARS occurs in the domain [-1,1] in the first five days.
Between t = 5 and t = 10 days, the peak value of the exposed popu-
lation proportion decreases while the exposed spread in the domain

[-1.5,1.5]. Infection peaks at t = 5 days and spreads in the domain
[-1.5,1.5] at t = 10 days. Diffusion also causes diagnosed, treated and
recovered population proportions to spread in the domain [-1.5,1.5]
with peak values at t = 10, 15 and 20 days respectively.

|
]

Figure 8: Solutions for initial condition (jii) with diffusion.

Other cases

The graphical output for Cases 2, 3, 4 and 5 is not shown because
of its similarity to Case 1. The numerical results of all cases are sum-
marized in tables 2 and 3. Here Sj, Ej, IJ. and RJ for j = (i), (ii) and (iii)
represent peak values of the proportion of susceptible, exposed, in-
fected and recovered population in the domain [-2,2] in the absence
(Table 2) and presence (Table 3) of diffusion for the initial population
distributions (i), (if) and (iii). The following description is based on
the results given in tables 2 and 3.

Moving from Case 1 to Case 2, there is a decrease in the trans-
mission coeflicient from = 0.242 to p = 0.182, as shown in table 7
(Appendix A). As a result, the susceptible population proportion show
an increase in peak values for initial population distributions (i) - (iif)
with and without diffusion. There is quite significant increase in the
first ten days of SARS as compared to Case 1. The proportions of pop-
ulation exposed also show a significant increase from t = 10 to t =
15 days as compared to Case 1. Infection grows in last ten days of
disease without diffusion but with diffusion infective population show
an increase as compared to Case 1 from t = 10 to t = 20 days. There
is moderate decrease in the peak value of the recovered population
proportion with all initial conditions.

In Case 3, the rate of progression from infective to diagnosed, a is
decreased from a = 0.238 to a = 0.179 as compared to Case 1, while
keeping values of p same. There is no change in the susceptible pop-
ulation proportion in the absence of diffusion but, with diffusion a
small increase appears at t = 5 and t = 10 days of disease as compared
to Case 1. Initial conditions (i) and (iii) show a small increase in the
proportion of exposed both with and without diffusion while initial
condition (ii) shows a decrease at t = 5 days and great increase in next t
= 10 days without diffusion and small increase with diffusion. In Case
3 infected proportion values are higher than for Case 1 both with and
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s ™
Case t Sy Sw S Ey Ew E by b b Ry Ra) Ru
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.034 0.039 0.009 0.406 0.455 0.393 0.324 0.313 0.322 0.024 0.014 0.026
1 10 0.009 0.007 0.004 0.133 0.149 0.128 0.199 0.213 0.194 0.145 0.120 0.150
15 0.004 0.003 0.002 0.041 0.047 0.040 0.082 0.090 0.079 0.305 0.275 0.309
20 0.002 0.002 0.001 0.013 0.014 0.012 0.029 0.032 0.028 0.437 0.408 0.441
00 0.980 0.970 0.96 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.053 0.070 0.009 0.423 0.479 0.409 0.324 0.309 0.322 0.021 0.012 0.024
2 10 0.012 0.014 0.007 0.138 0.157 0.133 0.204 0.219 0.199 0.139 0.113 0.145
15 0.005 0.006 0.002 0.043 0.049 0.042 0.085 0.094 0.082 0.299 0.267 0.305
20 0.003 0.002 0.001 0.013 0.015 0.013 0.029 0.034 0.029 0.433 0.403 0.437
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.034 0.039 0.009 0.407 0.373 0.394 0.456 0.352 0.372 0.019 0.011 0.022
3 10 0.009 0.007 0.004 0.134 0.271 0.129 0.150 0.284 0.266 0.124 0.102 0.129
15 0.004 0.003 0.004 0.042 0.131 0.041 0.048 0.141 0.127 0.276 0.247 0.281
20 0.002 0.002 0.001 0.013 0.053 0.013 0.015 0.058 0.052 0.411 0.382 0.415
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.008 0.037 0.008 0.217 0.439 0.383 0.191 0.315 0.322 0.025 0.016 0.028
4 10 0.007 0.006 0.002 0.129 0.144 0.125 0.195 0.208 0.191 0.149 0.125 0.154
15 0.003 0.002 0.001 0.040 0.045 0.039 0.079 0.087 0.077 0.308 0.279 0.313
20 0.002 0.001 0.001 0.012 0.014 0.012 0.028 0.031 0.027 0.439 0.412 0.443
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.035 0.039 0.009 0.406 0.456 0.393 0.284 0.279 0.281 0.028 0.016 0.031
5 10 0.009 0.007 0.004 0.132 0.148 0.127 0.152 0.147 0.165 0.161 0.134 0.166
15 0.004 0.003 0.002 0.041 0.046 0.039 0.056 0.054 0.061 0.323 0.293 0.328
20 0.002 0.002 0.001 0.012 0.014 0.012 0.018 0.017 0.020 0.452 0.424 0.456
Table 2: Peak values of Susceptible(S), Exposed(E), Infective(l) and Recovered(R) (Without Diffusion).
. e

without diffusion. Peak values of the recovered population proportion
are lower for Case 3 than Case 1.

In Case 4, there is an increase in the transmission coefficient, B,
from P = 0.242 to = 0.303 as compared to Case 1. As a result, peak
susceptible proportion values in Case 4 decrease in comparison to
Case 1 for initial population distributions (i) - (iii), with and without
diffusion. There is also a decrease in exposed population proportion
as a result of the reduction in the proportion of susceptible under all
initial conditions. In particular in the absence of diffusion it occurs in
the first five days of SARS, where population distribution with initial
condition (i) shows significant decrease in susceptible population as
compared to initial conditions (ii) and (iii) while in the presence of
diffusion this decrease can be observed on all days. A decrease in pro-
portion of infected population has been observed in the emergence of
SARS as compared to Case 1, in the absence of diffusion. This decrease
is quite significant in case of initial condition (i). With diffusion in the
system, the peak values of infected proportion are higher for Case 4
than Case 1 under all initial conditions. Only very small increase in
recovered proportions from Case 1 to Case 4 has been observed under
all three conditions (i), (ii) and (iii), without diffusion. With diffusion
in the system, initial conditions (i) and (ii) reflect a significant increase
in recovery from Case 1 to Case 4, while initial condition (iii) shows
a slight increase. In comparison to Case 2, it has been observed that
there are lower proportions of susceptible and exposed in Case 4. Also
in comparison to Case 2, proportion of infective is slightly less with
diffusion as compared to without diffusion in the system during the

first five days of disease. As compared to Case 2, there is an increase
in the recovered population both with and without diffusion in the
system.

In Case 5, as compared to Case 1 the rate of progression from in-
fective to diagnosed, a is increased from a = 0.238 to a = 0.298. In
the absence of diffusion this has not affected susceptible and exposed
proportion values. With the inclusion of diffusion in the system, a
small increase is observed in the susceptible and exposed population
proportion in the early stage of disease. A significant reduction in the
proportion of infected individuals has been noticed both with and
without diffusion, showing that if infection is diagnosed earlier, the
population move to diagnosed compartment quickly for treatment.
A large increase in the recovered population proportion is observed
both with and without diffusion as compared to Case 1. In compari-
son to Case 3, lower proportion of exposed and infective is observed
in Case 5. Proportion of the population recovered both with and with-
out diffusion, has been observed to be higher in Case 5 as compared
to Case 3.

Discussion and Conclusion

The SEIJTR model for numerical study of the SARS [18] epidem-
ics is used with diffusion and treatment included in the system to ex-
plore the effects of their availability on the spread of disease (Figure
9). Three different initial conditions have been used to examine the
effects on transmission of the disease under different population dis-
tributions. Operator splitting technique is used to calculate the nu-
merical solutions of the differential equations. The Routh-Hurwitz
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s ™
Case t S(i) S(ii) S(iii) E(i) E(ii) E(iii) I(i) I(ii) I(iii) R(i) R(ii) R(iii)
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.00986 | 0.01191 | 0.00706 | 0.22313 | 0.29394 | 0.06802 | 0.18704 | 0.20155 | 0.05063 | 0.01379 | 0.00794 | 0.00613
1 10 0.00108 | 0.00173 | 0.00129 | 0.05818 | 0.07859 | 0.01705 | 0.09902 | 0.12357 | 0.02796 | 0.08119 | 0.07235 | 0.02591
15 0.00013 | 0.00067 | 0.00035 | 0.01584 | 0.02141 | 0.00467 | 0.03612 | 0.04704 | 0.01034 | 0.16517 | 0.16339 | 0.04998
20 0.00008 | 0.00032 | 0.00017 | 0.00445 | 0.00593 | 0.00138 | 0.01168 | 0.01541 | 0.00343 | 0.23444 | 0.24169 | 0.07034
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.01416 0.01892 0.01175 0.23344 0.31042 0.07408 0.18182 0.19248 0.04489 0.01161 0.0059 0.00552
2 10 0.00171 0.00252 0.00201 0.06135 0.0835 0.01909 0.10112 0.12661 0.02878 0.07472 0.06503 0.02318
15 0.00021 0.00096 0.00054 0.01679 0.02284 0.0053 0.03754 0.04916 0.01113 0.15645 0.15331 0.04589
20 0.00009 0.00044 0.00023 0.00473 0.00635 0.00157 0.01226 0.01626 0.00378 0.22495 0.23083 0.06566
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.00996 0.01204 0.00712 0.22348 0.29444 0.06814 0.21454 0.22479 0.05868 0.01100 0.00621 0.00499
3 10 0.00109 0.00174 0.0013 0.05851 0.07904 0.01711 0.13599 0.16516 0.03819 0.06908 0.06095 0.02217
15 0.00013 0.00068 0.00035 0.016 0.02165 0.00469 0.05891 0.07484 0.01665 0.14766 0.14526 0.04453
20 0.00008 0.00032 0.00017 0.00451 0.00602 0.00138 0.02229 0.02882 0.00641 0.21674 0.22296 0.06451
00 0.980 0.970 0.960 0.000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.00759 0.00839 0.0049 0.21664 0.28347 0.06427 0.19018 0.20684 0.05379 0.01543 0.00955 0.00669
4 10 0.00075 0.00132 0.00092 0.05618 0.07547 0.01587 0.09765 0.12152 0.02743 0.08576 0.07762 0.02799
15 0.00009 0.00052 0.00025 0.01523 0.02049 0.00431 0.03522 0.04567 0.00987 0.17129 0.17053 0.05301
20 0.00007 0.00025 0.00014 0.00427 0.00567 0.00127 0.01132 0.01487 0.00323 0.2411 0.24937 0.07383
00 0.980 0.970 0.960 0.0000 0.000 0.000 0.020 0.030 0.040 0.000 0.000 0.000
05 0.00997 0.01206 0.00719 0.22333 0.29429 0.06821 0.16394 0.18103 | 0.043998 | 0.01612 0.00938 0.00704
5 10 0.00109 0.00175 0.00131 0.05807 0.07846 0.01709 0.07468 0.09523 0.02127 0.09009 0.08086 0.02859
15 0.00013 0.00068 0.00035 0.01576 0.02129 0.00468 0.02411 0.03193 0.00701 0.17671 0.17542 0.05352
20 0.00008 | 0.00032 | 0.00017 | 0.00442 | 0.00589 | 0.00138 | 0.00712 | 0.00949 | 0.00213 | 0.24523 0.2531 0.07389
Table 3: Peak values of Susceptible(S), Exposed(E), Infective(l) and Recovered(R) (With Diffusion).
. e

criterion is used to check stability of points of equilibrium. The mod-
els under investigation have two possible equilibria, namely the dis-
ease-free equilibrium and endemic equilibrium. Reproduction num-
bers R for the various cases considered (R, > 1) are given in table 4.
A study of bifurcation values of the transmission coefficient, p and
rate of progression from infective to diagnosed, a as shown in table
7 (Appendix A), indicates that the system remain stable with higher
values of B and a with diffusion in comparison to the system without
diffusion.

Case B a Value of R
1 0.242 0.238 1.6148
2 0.182 0.238 1.2212
3 0.242 0.179 1.8668
4 0.303 0.238 2.0354
5 0.242 0.298 1.4561
Table 4: Basic Reproduction Number R,.

It is observed from the values given in table 4 that transmission
coefficient, B and rate of progression from infective to diagnosed, a
are quite sensitive parameters having significant impact on the basic
reproductive number R . If the transmission coefficient, f is decreased
as in Case 2, the reproduction number R, decreases significantly even
though it is still greater than 1. This causes slow transmission of in-
fection and thus higher peak values in the infected compartment as
shown in tables 2 and 3 from t = 10 to t = 20 days. A decrease in
infective to diagnosed coefficient o as in Case 3, causes a significant
increase in the value of the basic reproduction number R . Here a

significant increase in the peak value of the infected proportion can
be seen at t = 20 days. An increased value of transmission coefficient,
B as in Case 4, gives the maximum value of the reproduction number
R,. Here, transmission of the infection becomes fastest in all initial
conditions, as shown in the rate of decrease of values at various time
steps shown in tables 2 and 3. There are also slightly lower peak values
of infected population proportion at t = 20 days, as compared to the
original situation depicted in Case 1. An increase in the rate of pro-
gression from infective to diagnosed, a has given in Case 5 causes a
slight decrease in the value of the basic reproduction number.

In initial condition (i), without diffusion, infectives are concentrat-
ed in the domain [-1,1]. With and without diffusion in the system,
infection spreads quickly in the first five days of onset of disease. With
diffusion in the system, infected population spreads to the edges of
the domain [-2,2] in the first ten days, where initially there were no
infectives. But a decrease in the peak values of the infected propor-
tion occurs, showing that diffusion causes a decrease in the intensity
of disease. Maximum population of diagnosed then enters treatment
class at the day fifteen of the disease. In initial condition (ii), suscep-
tible and infected proportions are in different domains initially. Here,
infected not only increase with the passage of time but also move from
domain [-2,0] to domain [0,2] without diffusion. With diffusion in
the system, the infected spread to almost in the whole domain [-2,2].
Under initial condition (iii), there is a significant shift as the infected
population move to the domain [-0.1,0.1] significantly from the initial
domain [-0.6,0.6]. Diffusion again causes the infection to spread, in
the domain [-1.5,1.5] but with reduced peak values.
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The spread of the disease is affected by variation in initial the pop-
ulation distribution.

Transmission coefficient, B and rate of progression from infective
to diagnosed, a play a crucial role in increasing or decreasing the
basic reproductive number R, thus affecting the degree of spread
of disease.

Diffusion reduces the peak values of the population in all compart-
ments, thus reducing intensity of disease.

Introduction of treatment immensely affects the transmission,
making it faster and, in the process increasing recovery signifi-
cantly [23].
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Case Equilibrium Point C, C, C, C, C, C, Stable/Unstable
1 P, 0.76036 4.27x10 13 0.16736 0.01172 0.00024 2.54x10 8 Stable
2 P, 0.76123 3.26 x10"® 0.12823 0.01237 0.00029 2.16x10® Stable
3 P, 0.70199 3.79 x10"® 0.10024 0.00937 0.00017 2.19%x10® Stable
4 P, 0.75987 5.57 x10 -® 0.126709 0.01133 0.00021 3.10x10® Stable
5 Py 0.81903 4.77x10 0.15788 0.01417 0.00031 2.93x10® Stable

Table 5: Routh-Hurwitz criteria of equilibrium without diffusion.

Case Equilibrium Point C, C, C, C, C, C, Stable/ Un-stable
1 P, 0.84918 4.51x10-"° 0.21558 0.02271 0.00107 2.17x10° Stable
2 P, 0.85005 5.15 x10 1 0.21667 0.02335 0.00115 2.48x10° Stable
3 P, 0.79082 3.25 x10"° 0.18731 0.01873 0.00084 1.59%10° Stable
4 P, 0.84869 4.15x10"° 0.21495 0.02234 0.00103 1.99%10° Stable
5 P 0.90786 5.85x10"° 0.24482 0.02688 0.00131 2.79x10° Stable

Table 6: Routh-Hurwitz criteria of equilibrium with diffusion.

Case Values Considered Bifurcation Values

Without Diffusion With Diffusion

B a B a B a
1 0.242 0.238 0.330 0.071 0.376 0.088
2 0.182 0.238 0.272 0.050 0.309 0.087
3 0.242 0.179 0.320 0.051 0.365 0.083
4 0.303 0.238 0.399 0.062 0.453 0.110
5 0.242 0.298 0.341 0.087 0.387 0.115

Table 7: Bifurcation Values of a and B.

Appendix B The Routh-Hurwitz Conditions with Diffusion are given as:
C :q,>0

Endemic Equilibrium without Diffusion: 14
C,: 0

a, =B +qE + 1))+ 5 +J +(O-DT)~T1,a,=—qfS,a,=—058, > 17

a, =—1BS+8S, a, =50 -1)S,ay = fU+qE+1J), ap, =qBS+5U+J +@-DT)-x-TI, G A 5

9
a,, = fS+OE, a,, =IBS+0E, a,, =0(0-1E, a;, =k, Qs — 45— 4, — 0,4
: L =~ >
ay, =—([T+a +8)+ 51+ 5 +J +(O-1T), ay, =51, ay, = 5611, %9~ 45
ty=a+8],a, =47, +6)+ 3T+ (I +J+(0-DT), 4y =5(0-1J, ¢, 424y~ D995 + 95 + 45 (qu —Zqqu)wl(qiqs ~ 0,939 24,95+ 0:90) _
95 + 49, — 9.(9,95 + q5)

€ o 99.9s = D45+ G5~ 426+ GG + 67 (9095 — 9,949~ 29:0:96) + 91925 + 9:95(9:9 — 4u95) + 4539396 = 24,95) _
o=

a,=0R,a,=y,+6R,a,, =y, +5(@-DR,a, =5(I+J+(@-DT)-II, G~ D4+ 05 + 450~ Do) + 400~ D0~ 20,95 +d54,)

0

gy, =0T, ag, = 5T +¢, ay =—([1+7,) + 3O -DT + 5 +J +(@-DT +(0-1)),

Qg =y = Ay = Qyg = Ay = Ayy = Uy = A5 = ds; = s = A = A, =0
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